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We study analytically the quasinormal mode spectrum of near-extremal (rotating) Kerr black
holes. We find an analytic expression for these black-hole resonances in terms of the black-hole
physical parameters: its Bekenstein-Hawking temperature TBH and its horizon’s angular velocity Ω,
which is valid in the intermediate asymptotic regime 1≪ |ω| ≪ T−1BH .
Gravitational waves emitted by a perturbed black hole
are dominated by ‘quasinormal ringing’, damped oscilla-
tions with a discrete spectrum (see e.g., [1] for a detailed
review). At late times, all perturbations are radiated
away in a manner reminiscent of the last pure dying tones
of a ringing bell [2–5]. Being the characteristic ‘sound’
of the black hole itself, these free oscillations are of great
importance from the astrophysical point of view. They
allow a direct way of identifying the spacetime parame-
ters (especially, the mass and angular momentum of the
black hole). This has motivated a flurry of activity with
the aim of computing the spectrum of oscillations.
The ringing frequencies are located in the complex fre-
quency plane characterized by Imω < 0. It turns out
that for a Schwarzschild black hole, for a given angular
harmonic index l there exist an infinite number of quasi-
normal modes, for n = 0, 1, 2, . . ., characterizing oscilla-
tions with decreasing relaxation times (increasing imag-
inary part) [6,7]. On the other hand, the real part of
the Schwarzschild black-hole resonances approaches an
asymptotic constant value.
The QNMs have been the subject of much recent at-
tention (see e.g., [8–67] and references therein), with the
hope that these classical frequencies may shed some light
on the elusive theory of quantum gravity. These recent
studies are motivated by an earlier work [68], in which it
was suggested to apply Bohr’s correspondence principle
to the black-hole resonances in order to determine the
value of the fundamental area unit in a quantum the-
ory of gravity. It was later suggested to use the black-
hole QNM frequencies in order to fix the value of the
Immirzi parameter in canonical quantum gravity [69,70].
These proposals [68] have motivated a flurry of research
attempting to calculate the asymptotic ringing frequen-
cies of various types of black holes.
Leaver [6] was the first to address the problem of
computing the highly damped (asymptotic) ringing fre-
quencies of the Schwarzschild black hole. Nollert [71]
found numerically (see also [72]) that the asymptotic
(large Imω) behavior of the ringing frequencies of a
Schwarzschild black hole is given by (we normalize G =
c = 2M = 1)
ωn = 0.0874247−
i
2
(
n+
1
2
)
. (1)
Based on Bohr’s correspondence principle, it was sug-
gested [68] that this asymptotic (real) value actually
equals ln(3)/(4pi). This identity was further motivated by
a heuristic picture, which was based on thermodynamical
and statistical physics arguments [68,73,74]. An analyti-
cal proof of this equality was later given in [9], This was
followed by an analytical calculation of the asymptotic
QNM frequencies of the (charged) Reissner-Nordstro¨m
(RN) black hole [11].
It should be emphasized however, that less is known
about the corresponding QNM spectrum of the generic
(rotating) Kerr black hole, which is the most interest-
ing from a physical point of view. Former studies of the
Kerr asymptotic spectrum [6,75,76,16,30,31] used numer-
ical tools, and there are in fact no analytical results for
the asymptotic Kerr QNM frequencies. In this work we
provide analytical formulae for the intermediate asymp-
totic behavior of the Kerr QNM spectrum. This is done
by using a similarity between the intermediate QNMs of
the Kerr black hole and the known asymptotic spectrum
of the RN black hole.
The dynamics of black-hole perturbations is governed
by the Regge-Wheeler equation [77] in the case of a
Schwarzschild black hole, and by the Teukolsky equa-
tion [78] for the Kerr black hole. The black hole QNMs
correspond to solutions of the wave equations with the
physical boundary conditions of purely outgoing waves
at spatial infinity and purely ingoing waves crossing the
event horizon [79]. Such boundary conditions single out
a discrete set of resonances {ωn} (assuming a time de-
pendence of the form e−iωt). The solution to the radial
Teukolsky equation may be expressed as [6] (assuming an
azimuthal dependence of the from eimφ)
Rlm = e
iωr(r − r−)
−1−s+iω+iσ+ (r − r+)
−s−iσ+
Σ∞n=0dn
(r − r+
r − r−
)n
, (2)
where r± =M ± (M
2 − a2)1/2 are the black hole (event
and inner) horizons, a ≡ J/M is the black hole angular
momentum per unit mass, and σ+ ≡ (ωr+ −ma)/(r+ −
r−). The field spin-weight parameter s takes the values
1
0,−1, and −2, respectively, for scalar, electromagnetic
and gravitational fields.
The sequence of expansion coefficients {dn : n =
1, 2, . . .} is determined by a recurrence relation of the
form [6]
αndn+1 + βndn + γndn−1 = 0 , (3)
with initial conditions d0 = 1 and α0d1 + β0d0 = 0. The
recursion coefficients αn, βn, and γn are given in [6]. The
quasinormal frequencies are determined by the require-
ment that the series in Eq. (2) is convergent, that is Σdn
exists and is finite [6].
We find that the physical content of the recursion coef-
ficients becomes clear when they are expressed in terms
of the black-hole physical parameters: the Bekenstein-
Hawking temperature TBH = (r+− r−)/A, and the hori-
zon’s angular velocity Ω = 4pia/A, where A = 4pi(r2++a
2)
is the black-hole surface area. The recursion coefficients
obtain a surprisingly simple form in terms of these phys-
ical quantities,
αn = (n+ 1)(n+ 1− s− 2iβ+ωˆ) , (4)
βn = −2(n+
1
2
− 2iβ+ωˆ)(n+
1
2
− 2iωr+)
−(aω)2 + 2maω − s−
1
2
−Alm , (5)
and
γn = (n− 2iω)(n+ s− 2iβ+ωˆ) , (6)
where β+ ≡ (4piTBH)
−1 is the black-hole inverse temper-
ature, ωˆ ≡ ω−mΩ, and the angular separation constants
Alm(aω) are given by an independent recurrence relation
[6]. To our best knowledge, this compact formulation of
the recursion coefficients in terms of the black-hole phys-
ical parameters has not been done so far.
The Teukolsky equation also describes the propagation
of scalar (s = 0) waves in the RN spacetime [one should
simply replace r± =M±(M
2−a2)1/2 by r± =M±(M
2−
Q2)1/2, and take a = 0 elsewhere]. The spectrum of the
RN black hole may be found using a recursion relation
of the form Eq. (3). The {αn} and {γn} coefficients
of the RN perturbations have exactly the same form as
in the Kerr case (where for the RN black hole ωˆ = ω).
In addition, βRNn = β
Kerr
n + (aω)
2 − 2maω [80]. In the
intermediate asymptotic range, defined as 1 ≪ |ω| ≪
T−1BH , βn is dominated by its first term in Eq. (5). This
term is at least of order |ω|/TBH , and is therefore much
larger in magnitude than the (aω)2 and Alm terms in this
(intermediate asymptotic) regime. Hence, in this limit
one finds that the {βn} coefficients of the Kerr black hole
coincide with those of the RN black hole (in addition to
the coincidence of the {αn} and {γn} terms).
Thus, the intermediate asymptotic (1 ≪ |ω| ≪ T−1BH)
quasinormal frequencies of the near extremal Kerr black
hole are related to the asymptotic frequencies of the RN
black hole. The asymptotic spectrum of the RN black
hole is determined, for Reω > 0, by the equation [11,83]
2e−4piβ+ω + 3e−4piω = −1 . (7)
The preceding discussion indicates that an expression
similar to Eq. (7) must hold true for the intermediate
asymptotic QNMs of the Kerr black hole. Equation (7)
suggests that the spectrum depends on the combinations
β+ω and ω appearing in Eqs. (4)-(6), but does not de-
pend explicitly on ωr+. Under this assumption, one finds
that for a Kerr black hole [84]
2e−4piβ+(ω−mΩ) + 3e−4piω = −1 . (8)
In the extremal limit β+ →∞, thus yielding
ω → mΩ + TBH ln 2− i2piTBH(n+
1
2
) (9)
for m > 0, and
ω →
ln 3
4pi
−
i
2
(n+
1
2
) (10)
for m ≤ 0. For m = 0 there is an additional branch in
cases where β+ can be written as β+ = 2k/(2n+1), with
k and n natural numbers. In this case, one finds
ω → −
i
2
(n+
1
2
) . (11)
These analytical results are consistent with previous
numerical analyses [6,76], which have began to probe the
intermediate asymptotic regime. In particular, form > 0
the numerical results suggest that Reω → mΩ in the ex-
tremal limit, and that in this limit the spacing between
frequencies is ∆ω ≃ i2piTBH [13], in accord with the an-
alytical result Eq. (9). For m < 0, it was found numeri-
cally that ∆ω ≃ i/2 in the extremal limit, in agreement
with Eq. (10). Two comments are in place. First, note
that extrapolations of Eq. (7) from the RN to the Kerr
black hole that differ from Eq. (8) will not agree with
the numerical results. Second, the numerical results hold
true for gravitational and electromagnetic perturbations,
suggesting that Eqs. (8)-(11) are valid for these pertur-
bation fields as well.
In summary, we have studied analytically the QNM
spectrum of nearly extremal, rotating Kerr black holes.
It was found that the intermediate asymptotic resonances
can be expressed in terms of the black-hole physical pa-
rameters: its temperature TBH , and its horizon’s angular
velocity Ω, see Eqs. (9)-(11). Our results may provide
an important link towards an analytical calculation of
the asymptotic spectrum, which is of great interest, both
classically and quantum mechanically.
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